A classification of extremal double circulant self-dual codes of lengths up to 88 is known. We extend this classification to length 96. We give a classification of extremal double circulant self-dual codes of lengths 90, 92, 94 and 96. We also classify double circulant self-dual codes with parameters [90, 45, 14] and [96, 48, 16] . In addition, we demonstrate that no double circulant self-dual [90, 45, 14] code has an extremal self-dual neighbor, and no double circulant self-dual [96, 48, 16] code has a self-dual neighbor with minimum weight at least 18.
Introduction
A (binary) [n, k] code C is a k-dimensional vector subspace of F n 2 , where F 2 denotes the finite field of order 2. All codes in this note are binary. The parameter n is called the length of C. The weight wt(x) of a vector x ∈ F n 2 is the number of non-zero components of x. A vector of C is a codeword of C. The minimum non-zero weight of all codewords in C is called the minimum weight of C and an [n, k] code with minimum weight d is called an [n, k, d] code. The weight enumerator W (C) of C is given by W (C) = n i=0 A i y i where A i is the number of codewords of weight i in C. Two codes are equivalent if one can be obtained from the other by a permutation of coordinates. The dual code C ⊥ of a code C of length n is defined as C ⊥ = {x ∈ F n 2 | x · y = 0 for all y ∈ C}, where x · y is the standard inner product. A code C is called self-dual if C = C ⊥ . A self-dual code C is called doubly even and singly even if all codewords have weight congruent to 0 (mod 4) and if some codeword has weight congruent to 2 (mod 4), respectively. It was shown in [15] that the minimum weight d of a doubly even self-dual code of length n is bounded by d ≤ 4[n/24]+4. We call a doubly even self-dual code meeting this upper bound extremal. The largest possible minimum weights of (singly even) selfdual codes of lengths up to 72 are given in [3, Table I ]. This work was extended to lengths up to 100 in [5, Table VI ] (see [6, Table 2 ] and [13, Table I] ). According to [10] , in this note, we say that a singly even self-dual code with the largest possible minimum weight given in [3, Table I ] and [5, [5] . Many extremal self-dual [92, 46, 16] codes are known (see [4, 7, 14, 17, 18] , and references [5] and [10] in [14] [6] .
Let D p and D b be codes with generator matrices of the form
and
respectively, where I n is the identity matrix of order n, and R and R are n ×n circulant matrices. An n × n circulant matrix has the form
so that each successive row is a cyclic shift of the previous one. The codes D p and D b are called pure double circulant and bordered double circulant, respectively. The two families are called double circulant codes. Many of the best known self-dual codes are double circulant codes (see [5, [8] [9] [10] 12] ). Further, constructions exist that provide double circulant self-dual codes with the largest known minimum weight (see [11, 16] ). The bordered double circulant construction provides self-dual codes only when the length is congruent to 0 (mod 4). In addition, it is known [8] that there is no bordered double circulant singly even self-dual code of length n ≡ 0 (mod 8).
A classification of extremal double circulant self-dual codes of lengths up to 88 was given in [9, 10, 12] Using an approach similar to that given in [9, 10, 12] , our exhaustive search found all distinct double circulant self-dual [90, 45, d] codes with d ≥ 14. This was done by considering all 45 × 45 orthogonal circulant matrices satisfying the condition that the weight of the first row is congruent to 1 (mod 4) and the weight is greater than or equal to d − 1. Since a cyclic shift of the first row of some codes defines an equivalent code, the elimination of cyclic shifts substantially reduces the number of codes which must be checked further for equivalence to complete the classification. It is useful to use the fact that self-dual codes with generator matrices of the form I 45 Table 1 . For each pair (a, b), the number N (a,b) of codes with the weight enumerator is also listed in Table 1 .
Neighbors of double circulant self-dual [90, 45, 14] codes
Two self-dual codes C and C of length n are said to be neighbors if dim(C ∩ C ) = n/2 − 1. We give some observations from [2] on self-dual codes constructed by
Let M be a matrix whose rows are the codewords of weight d in C. Suppose that there is a vector x ∈ F n 2 such that
where 1 is the all-one vector. Set C 0 = x ⊥ ∩C, where x denotes the code generated by x. Then C 0 is a subcode of index 2 in C. If the weight of x is even, then we have two self-dual neighbors C 0 , x and C 0 , x + y of C for some y ∈ C \ C 0 , which do not contain any codewords of weight d in C, where
has a solution x and we can obtain C in this way.
Furthermore, if the subcode generated by the codewords of weight (3) has a solution x and we can obtain C in this way. We verified by
for one of the 716 double circulant self-dual [90, 45, 14] codes and
for the remaining 715 codes. In addition, using the above method, we verified by Magma [1] that the self-dual neighbors constructed by the above argument have minimum weight at most 14. Hence, we have the following result. 1, 2, . . . , 49) . For these codes, the first rows r of R in (1) are listed in Table 4 . In the table, the rows are written in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and 7 = (111). We display in Table 4 It is still an open problem whether an extremal doubly even self-dual code or an extremal singly even self-dual code of length 96 exists.
We end this paper with the following remark. For length 98, it is not known whether there is an extremal self-dual code. We found no extremal double circulant self-dual [98, 49, 18] code, but an exhaustive search could not be completed due to the computational complexity.
